We study the partially-ordered abelian group, F (P; R), generated by a set of generators,P , and inequality relations, R, and its representations in Euclidean space. First F (P; R) is de ned by a universal property and then existence is shown proof-theoretically. We then characterize the order structure of F (P; R). The rst main result of the paper utilizes the Marriage Theorem to prove that if the set of relations, R, is derived from a nite partially-ordered set then F (P; R) is isomorphically embeddable in R n for n su ciently large. The second main result utilizes the Compactness Theorem to prove that for nite R, F (P; R) is pseudo-Archimedean.
Introduction
An abelian group equipped with a partial order on its elements, , is called a partially-ordered abelian group if the order respects the addition operation, i.e. the compatibility axiom (CA) holds: All groups considered in this paper are abelian and partially-ordered abelian groups will simply be referred to as pogroups. An example of a pogroup is R n under the product order.
Suppose we have a poset, P, and desire to extend it to a pogroup, i.e. we want to nd an addition operation compatible with the order of the poset. To generate a group we could simply take the free abelian group generated by the set, F(P), but we must also specify the order relations on F(P).
In general there will be many possible partial orders on the elements of F(P) compatible with the group addition. We may generalize this process by starting with any set P and any set of linear inequality relations on P, R, and extend P to a pogroup where all the relations in R are satis ed. The rst proposition of this paper shows that there is a unique pogroup, F(P; R), satisfying a universal property that characterizes it as the most general extension possible. Other results in this section characterize the order relation of F(P; R) as the smallest order possible and exhibit the general structure of an element of this minimal order.
The third section of this paper investigates representations of F(P; R) in Euclidean space. The main theorem utilizes a result from combinatorics, the Marriage Theorem, to show that if P is a poset and R is the set of relations in P, then F(P; R) is embeddable in Euclidean space. Finally, we prove several conditions necessary for the general problem of embedding F(P; R) in R n , utilizing a consequence of the compactness theorem for rst order logic.
Finitely Presented Pogroups
De nition 1 Let P be a set and let R be a set of formulas of the form b 1 a 1 +b 2 a 2 +:::+b n a n 0 where all b i are integers and all a j P are distinct. The abelian pogroup presented by P and R, F(P; R), is the abelian, partiallyordered group satisfying the formulas in R such that there exists a set map i : P ! F(P; R) such that for all abelian pogroups G, and maps f : P ! G which preserve all relations in R there exists a unique pogroup homomorphism f 0 : F(P; R) ! G such that f = f 0 i.
Inequalities expressed in the form b 1 a 1 + b 2 a 2 + ::: + b n a n 0 are said to be in standard form. For example, the standard form of the inequality a b is a ? b 0. The above universal property enjoyed by F(P; R) states that for every map f preserving relations in R there exists a unique pogroup homomorphism f 0 which makes the above diagram commutative. The set P is called the set of generators and R is called the set of relations for F(P; R). Intuitively F(P; R) is the \most free" way to extend the set P to a partially-ordered group such that all the relations in R are maintained. Actually the above de nition can be expressed in more general terms as is done in universal algebra 4]. Existence of F(P; R) follows from general theorems in universal algebra but the next theorem demonstrates that F(P; R) exists by exhibiting it proof-theoretically.
Proposition 1 For every set of generators, P, and set of relations in standard form, R, there exists a unique abelian pogroup, F(P; R), satisfying the above conditions. Proof. Let L be the language of ordered groups with a constant symbol for each element of P. Let T be the rst-order theory in L composed of the axioms for abelian partially-ordered groups and the elements of R. Let G be the free abelian group generated by P. An . Thus the de nition of the order relation does not depend on the representatives chosen from the equivalence classes. That F(P; R) is an abelian, partially-ordered group satisfying the above universal condition follows from the next two lemmas. The uniqueness of F(P; R) follows from arguments standard for universal objects and commuting diagrams. a Lemma 1 F(P; R), as de ned in the above theorem, is a partially-ordered, abelian group.
Proof. That F(P; R) is abelian follows from the fact that T proves that rearrangement of elements of P in vectors preserves equality. Therefore rearrangements of vectors preserves equality. Thus
Notice T`a a because for each element of P, a, T`a a and T also contains the order-addition compatibility axiom which allows us to prove equality for equal vectors. Therefore a] Proof. Let i : P ! F(P; R) be de ned by i(a) = a]. Now let G be a partially-ordered abelian group, f : P ! G such that for all relations in R, b 1 a 1 + b 2 a 2 + ::: + b n a n 0 where all b i are integers and all a j P, we have b 1 f(a 1 )+b 2 f(a 2 )+:::+b n f(a n ) 0. In other words f preserves all relations in R. To We now know that for every P,R F(P; R) exists but what does F(P; R) look like? What is the order structure on F(P; R)? The only relations in F(P; R) are those that are forced by demanding that F(P; R) be a partiallyordered group, i.e. is the minimal order which includes all the elements of R and which is compatible with the group structure of F(P; R).
Proposition 2 The partial order on F(P; R) is the intersection of all partial orders containing R and compatible with F(P; R) as a group.
Proof. Let S = \ i S i where S i is a partial order containing R and compatible with the group structure of F(P; R). Let (1; p m+2 ); :::; (a m+2 ; p m+2 ); :::; (1; p n ); :::(a n ; p n )g: In other words, Pos(a) is the set of elements appearing in a with positive coe cient, except we put in as many copies of the element as the size of the coe cient. Similarly for Neg(a). So a has an R-order decomposition i there is a map d:Pos(a) ! Neg(a) such that for all (m; p i ) Pos(a), if d(m; p i ) = (l; p j ) then p i P p j . In other words, a has an R-order decomposition i there is a pairing between the positive and negative elements of a (with multiplicity) with each positive element being greater than or equal to its partner. We call this special R-order decomposition a pairing decomposition. Proposition 4 If R is derived from a partial order (P; P ) of cardinality n, then F(P; R) is just (isomorphic to) (Z n , R ), the free abelian group on n generators with the ordering given by those vectors admitting a pairing of positive and negative elements.
Embedding F(P,R) in R n
We now inquire as to when F(P; R) can be isomorphically embedded in some R n (considered as an abelian pogroup with the standard product order) for arbitrary sets P and R. We have the following result giving an answer for the previous speci c, though important, case.
Theorem 1 Let (P; P ) be a poset of cardinality n. Then F(P; P ) is isomorphically embeddable in R 2 n .
Proof. By the previous theorem we may express an element of F(P; P ) as a = a 1 p 1 + a 2 p 2 + ::: + a n p n . We de ne a map j : P ! R 2 n as follows. Let p,q P. For each proper, nonempty subset of P, A, de ne p A = 1 if p a for some a A; otherwise p A = 0. Fix a linear order on the nonempty, proper subsets of P, A 1 ; A 2 ; :::; A 2 n?2 . Now de ne j(p) = (?1; 1; p A 1 ; p A 2 ; :::; p A 2 n?2 ). This mapping preserves order. For suppose q P p. Then for all subsets of P, A, if p A = 1 then q A = 1 by transitivity of P . Thus j(q) j(p). Therefore by the universal property enjoyed by F(P; P ) we can extend j to a pogroup homomorphism j 0 : F(P; P ) ! R 2 n . In order to complete the proof we must show that if :: + a n j 0 (p n ) 0: Then by the result to be shown soon we would have a 1 p 1 + ::: + a n p n P 0 and a 1 p 1 + ::: + a n p n P 0: But then a 1 p 1 + ::: + a n p n 0 and we have already shown that all equivalence classes in F(P; P ) are singletons so we have a 1 ; a 2 ; :::; a n are all 0 and j 0 is injective. Now suppose j 0 (a) = a 1 j 0 (p 1 ) + ::: + a n j 0 (p n ) 0. We now show that j 0 (a) admits a pairing decomposition. This is su cient to complete the proof. First note that since the rst two coordinates of each j 0 (p i ) = (?1; 1) we have a 1 + ::: + a n 0 and a 1 + ::: + a n 0. Therefore a 1 + ::: + a n = 0 and card(Pos(a) = card(Neg(a)) = l (say). The rst coordinates of each element of these sets just indexes the multiplicity. So let us consider these two sets as multisets (i.e. Since r 0 we must have card(A 1 A 2 ::: A k ) k and the proof is complete. a
We now discuss some necessary conditions for embedding F(P; R) in R n .
First note that if (jr 1 ; jr 2 ; :::; jr n ) (0; 0; :::; 0) in R n for some positive integer j then (r 1 ; r 2 ; :::; r n ) (0; 0; :::0): Now in general if ja F 0 in F(P; R) it is not necessarily true that a F 0. This is because usually the latter is not formally deducible from the former. Thus adding these relations to R is a necessary condition for embedding F(P; R) in R n . Also, recall that an Archimedean order is an order such that for all a; b > 0 there exists some positive integer j such that ja b.
R n is not Archimedean. For example in R 2 there does not exist j such that j(1; 0) (2; 2). However, R n is a pseudo-Archimedean poset in the sense that for all a; b > 0 there exists some positive integer j such that ja is incomparable to b. Therefore if F(P; R) is embeddable in R n we must have that F(P; R) is pseudo-Archimedean. This property we can show holds in general. We need to use the following result which is a consequence of the compactness theorem 2].
Lemma 3 Suppose T is an in nite rst-order theory such that T = T 1 T 2 :::
and such that for every n, T 1 ::: T n has a model which is not a model of T 1 ::: T n+1 . Then T is not nitely axiomatizable.
Proof. If Proof. By the previous lemma it su ces to nd, for arbitrary n, an abelian pogroup which models R n = fa b; 2a b; :::; na bg but not R n+1 = fa b; 2a b; :::; na b; (n + 1)a bg: Consider F(P; R n ). Clearly F(P; R n ) j = R n . But F(P; R n ) 6 j = (n + 1)a b because if it did then b ? (n + 1)a would have a R n -order decomposition.
Clearly this is impossible because each element of any sum of elements of R n will contribute one b to the sum, making it impossible to have the sum add up to b ? (n + 1)a. a Proposition 6 If R is a nite set of relations then F(P; R) is a pseudoArchimedean poset.
Proof. Suppose R is nite and F(P; R) is not pseudo-Archimedean. We have seen that a su cient condition for embeddability of F(P; R) in R n is that R is the set of relations of a poset and we have seen several necessary conditions including the fact that F(P; R) must be pseudo-Archimedean.
Open Question 1 What are necessary and su cient conditions such that F(P; R) is embeddable in R n ?
